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ABSTRACT 


Given  a  family  F  of  topological  spaces,  we  ask  the 
question  :  does  there  exist  a  quotient-universal  space  for  F,  that 
is,  does  there  exist  an  element  in  F  of  which  every  other  element 
of  F  is  a  quotient  ?  The  families  we  are  interested  in  include 
the  metric  spaces,  the  first-countable  spaces  and  (especially)  the 
sequential  spaces.  A  very  natural  quotient-universal  metric  space 
is  known  for  sequential  spaces  of  cardinality  c  ;  we  show  that 
this  cannot  be  generalized  for  cardinality  X0  or  any  cardinal  k  for 
which  k  °  >  k  .  In  fact  we  obtain  the  two  following  results  : 

-  c  can  be  characterized  among  cardinals  as  the  smallest  for 
which  there  is  a  quotient-universal  metric  space  for  sequential  spaces 
of  that  cardinality. 

~  there  is  a  quotient-universal  metric  space  for  sequential 

q 

spaces  of  cardinality  k  if  and  only  if  <’°  =  k. 
c 

2  non-homeomorphic  countable  sequential  spaces  are  cons¬ 
tructed,  which  are  all  quotients  of  separable  metric  spaces  but 
most  of  which  are  not  quotients  of  any  countable  metric  space.  The 
introduction  of  the  notions  of  quasi-first-countability  and  weakly- 
quasi-f irst-countability  enables  us  to  solve  the  problem  of  which 
countable  sequential  spaces  are  quotients  of  countable  metric  spaces. 
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INTRODUCTION 


Certain  families  of  topological  spaces  contain  a  member 
which  is  of  special  interest  because  every  other  member  can  be 
obtained  from  it  in  some  way;  such  a  space  is  called  universal .Two 
kinds  of  universal  spaces  have  been  considered  so  far  :  those  that 
contain  a  homeomorphic  copy  of  all  other  members  of  the  family  con¬ 
sidered  and  those  of  which  any  other  member  of  the  family  can  be 
obtained  as  a  quotient.  We  are  interested  in  spaces  of  the  latter 
sort,  and  we  will  call  them,  to  avoid  any  confusion,  quotient- 
universal  spaces . 

One  of  the  first  examples  of  quotient-universal  spaces  to 
appear  in  the  literature  is  the  Cantor  set  C  which  is  universal  for 
the  class  of  compact  metric  spaces.  Indeed,  Alexandroff  and  Urysohn 
proved  in  1929  [  1  ]  that  every  compact  metric  space  is  a  continuous 

image  of  C  and  hence  also  a  quotient  of  C  (since  a  continuous  map 
between  compact  Hausdorff  spaces  is  also  a  quotient  map)  .  Another 
example  of  a  quotient-universal  space  is  the  unit  interval  I  in  R 
which  is  universal  for  the  family  of  compact  metric , connected , locally 
connected  spaces, also  known  as  Peano  spaces  ;  the  well-known  Hahn- 
Mazurkiewicz  theorem  (see  [10]  )  shows  that  every  such  space  is  a 
continuous  image  of  I  and  hence,  once  again,  a  quotient  of  I  . 

The  results  just  mentioned  can  be  considered  answers  in 
specific  instances  to  a  question  which  in  full  generality  reads  : 
"Given  a  family  F  of  topological  spaces,  does  there  exist  some 
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X  e  F  such  that  every  Y  e  F  is  a  quotient  of  X  ?"  We  propose  in 
this  thesis,  then,  to  consider  this  question  for  various  families  F. 
Obviously,  we  must  impose  some  cardinality  restriction  on  the  members 
of  F  and  the  results  will  then  often  turn  out  to  be  results  on  car¬ 
dinal  numbers . 

In  Chapter  I,  we  look  at  families  consisting  of  metric 

spaces  and  first-countable  spaces.  For  cardinality  c  ,it  is  known 

that  the  disjoint  union  of  c  copies  of  a  convergent  sequence  is 

quotient-universal  for  metric  spaces  of  that  cardinality  ;  a  similar 

w 

result  holds  for  cardinality  k  whenever  k  °  =  k  but  we  show  that 
it  fails  for  cardinality  K0  .  However  we  show  that  for  each  cardinal 
k  ,  there  is  a  quotient-universal  space  for  metric  spaces  of  that 
cardinality  and  this  space  acts  also  as  a  universal  space  for  first- 
countable  spaces. 

Chapter  II  deals  with  the  family  of  countable  sequential 
spaces.  For  cardinality  c  ,the  space  mentioned  above  is  quotient- 
universal  for  sequential  spaces  of  that  cardinality  and  again  a  simi- 
lar  situation  holds  for  any  cardinality  k  such  that  k  °  =  k  .  The 
universal  spaces  in  these  cases  have  the  additional  property  of  being 
metric.  We  want  to  know  if  a  similar  result  can  be  obtained  in  the 
countable  case.  Since  countable  metric  spaces  do  have  a  quotient- 
universal  space, the  question  is  then  reduced  to  :  is  any  countable 
sequential  space  a  quotient  of  some  countable  metric  space  ?  We 
show  that  the  answer  is  no  by  constructing  a  large  family  of  countable 
sequential  spaces  most  of  which  cannot  be  the  quotient  of  any  metric 
space  of  cardinality  less  than  c  .  This  leads  to  a  characterization 


of  c  among  cardinals  as  the  smallest  one  for  which  there  is  a 
metric  space  quotient-universal  for  sequential  spaces  of  that  car¬ 
dinality.  The  same  family  of  countable  spaces  enables  us  to  answer 
a  question  of  Michael  and  Stone  in  [6  ]  concerning  quotients  of  the 
set  P  of  irrational  numbers. 

In  chapter  III,  we  finish  our  study  of  sequential  spaces 
with  the  cardinalities  <  >H0for  which  k^°  >  k  .  Universal  spaces 

S> 

for  cardinalites  k  with  kt  °  =  k  have  the  additional  property  of 
being  metric  ;  a  construction  analogous  to  that  of  Chapter  II  shows 
that  no  such  universal  space  exists  for  cardinalities  k  such  that 
k  °  >  k  ,  leading  to  the  characterization  of  cardinals  k  for  which 
k  0  =  k  as  precisely  the  ones  for  which  there  is  a  quotient-universal 
metric  space  for  sequential  spaces  of  that  cardinality. 

The  realization  (in  Chapter  II)  that  not  every  countable 
sequential  space  is  quotient  of  a  countable  metric  space  led  to  the 
problem  of  characterizing  topologically  those  that  are.  To  solve  that 
problem,  Chapter  IV  introduces  and  studies  "quasi-f irst-countable" 
and  ’’weakly-quasi-f irst-countable"  spaces.  Some  of  the  results 
obtained  are  that  countable  spaces  are  hereditarily  quotient  images 
of  some  countable  metric  space  if  and  only  if  they  are  quasi-first 
countable  and  countable  spaces  are  quotient  images  of  some  countable 
metric  space  if  and  only  if  they  are  weakly-quasi-first-countable 
spaces . 


We  mention  once  and  for  all  that  all  spaces  considered  are 
Hausdorff  spaces. 

Also,  any  definition,  proposition  or  theorem  of  topology 


. 
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which  is  used  without  special  introduction  or  reference  can  be 
found  in  Willard  [10]  . 


CHAPTER  I 


Metric  and  First-Countable  Spaces 

1 .  Quotient  maps. 

Definition  1  :  A  map  f  from  a  topological  space  X  onto  a  topological 
space  Y  is  called  a  quotient  map  if  for  every  subset  U  of  Y  ,  U  is 
open  if  and  only  if  f  ^  (  U  )  is  open. 

Definition  2  :  A  quotient  map  f  :  X  Y  is  called  hereditarily 

quotient  if  for  any  subset  A  of  Y  ,  the  restriction  map  f:  f  "'"(A)  -+A 

is  a  quotient  map. 

Hereditarily  quotient  maps  have  also  been  called  in  the 
literature  "pseudo-open  maps"  [2  ].  The  reason  is  made  clear  by  the 
following  theorem. 

Theorem  1  :  Let  X  and  Y  be  two  topological  spaces  and  f  a  con¬ 
tinuous  map  from  X  onto  Y  .  Then  f  is  hereditarily  quotient  if 
and  only  if  for  any  yQ  e  Y  and  A  ,  a  subset  of  X  ,  A  is  a  neigh¬ 
borhood  of  f  (y  )  in  X  if  and  only  if  f  (A)  is  a  neighborhood  of 

V0  in  Y. 

Proof  :  See  [  3  ]  • 

Hereditarily  quotient  maps  are  obviously  quotient  maps 
while  the  converse  is  not  true  (for  an  example,  see  section  1  in 
Chapter  II  ) .  Closed  continuous  maps  ("images  of  closed  sets  are 
closed")  and  open  continuous  maps  ("images  of  open  sets  are  open") 
are  particular  cases  of  hereditarily  quotient  maps. 
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2 .  Metric  spaces 


For  any  metric  space  X  ,  let  -S(X)  be  the  disjoint  union 
of  the  convergent  sequences  of  X  .  It  is  easily  seen  that  the  natural 
map  from  S(X)  onto  X  (mapping  points  onto  themselves)  is  a  quotient 

map.  Hence  if  S  denotes  a  convergent  sequence  ,  say  S  =  {—  ;neN}  u  {0} 

n 

and  if  k  is  a  cardinal  such  that  Kn°  =  k,  the  disjoint  union  of 

k  copies  of  S  provides  a  quotient-universal  space  for  metric  spaces 

of  cardinality  less  than  or  equal  to  k  (since  such  spaces  have  no  more 
o- 

than  k^°  =  k  convergent  sequences  ).  In  fact,  we  will  see  in 
Chapter  II  that  this  space  is  universal  for  an  even  larger  class  of 
spaces . 

Hence,  in  particular  ,  the  family  of  metric  spaces  of  car- 

q 

dinality  c  (and  the  same  holds  for  cardinality  2  )  has  a  quotient- 

universal  space.  This  leads  to  the  following  questions  for  the 
countable  case  : 

-  is  the  disjoint  union  of  H0  copies  of  S  (which  we  will 
denote  by  m(^o)  )  a  quotient-universal  space  for  countable  metric 
spaces  ? 

-  if  not, is  some  other  countable  metric  space  universal  ? 

The  first  question  could  be  rephrased  as  :  is  it  possible 
to  determine  the  topology  of  any  countable  metric  space  using  only 
countably  many  of  its  convergent  sequences  ?  One  could  hardly  expect 
this  to  be  true  and  in  fact,  countable  metric  spaces  are  rarely 
quotients  of  m(H0)  as  the  following  theorem  shows  : 

Theorem  2  :  If  X  is  a  countable  metric  space, the  following  are 
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equivalent  : 


(a)  X  is  a  quotient  of  m(Ho  )  . 

(b)  X  is  hereditarily  locally  compact. 

(c)  X  is  a  subspace  of  m  (Ho). 


Proof  :  (a)  -»•  (b)  .  Let  us  denote  by  Sm  the  m-th  copy  of  S  in 

m  (Ho)  .  Let  A  be  a  subset  of  X  and  y0  a  non-isolated  point  of 

A  .  We  want  to  show  that  y0  has  a  compact  neighborhood  in  A  .  Let  r 

be  the  set  of  indices  m  for  which  f  y0 )  contains  the  limit  point 

of  Sm  and  f  A  )  contains  a  subsequence  of  Sm  . 

m  1 

Let  F  =  (  u  S  )  n  f  (  A  )  .  Notice  that  1  is  not 
met 

empty  since  y0  is  non-isolated.  We  claim  that  for  some  C  c  F,  where 
C  contains  a  tail  of  each  Smnf^(A),mer,  f(C)  is  compact. 

For  suppose  not  ;  let  yj  e  f(  F  )  be  such  that  d(y1,y0)<l  ; 
let  Xi  e  F  be  such  that  f(x^)  =  y^  and  let  a(l)  e  T  be  such  that 
Xi  e  .  Now  since  none  of  the  f(  C  )  ,  for  C  as  described  above, 

are  compact,  we  can  find  y2  e  f(  F  -  u  {Sm;m  e  T ,m  <  a(l)}  )  such 
that  d(y2,y0)  <  min  {  ,  d(y1}y0)  }  ;  let  x2  e  F  be  such  that 

/  o  \ 

f(x2)  =  y2  and  let  o( 2)  e  T  be  such  that  x2  e  S°  .  Similarly,  we 

find  y  ,  x  ,  a(n)  such  that 
n  n 

-  yn  e  f(  F  -  u  {Sm;m  e  r  ,m  <  a(n-l)}  ) 

-  d(yn,y0)  <  min  ,  d(yn_1,y0)} 


-  f(x  )  =  y 

n  n 


X  £  S 
n 


a  (n) 


Now  we  define  a  subset  M  of  F  as  follows  : 


o(l) 


M  contains  the  elements  x  of  S 


f  "*"(  A  )  such 


If  i  < 


that  d(f  (x)  ,y0 )  <  dCy^yo). 

If  o(l)  <  i  <  a  (2)  ,  M  contains  those  x  of  S'*"  n  f  A  )  such 

that  d(f  (x)  ,y0 )  <  d(y2,yo). 


and  in  general , 

if  a (n-1)  <  i  <  a(n)  ,  M  contains  the  elements  x  of  n  f  "'"(A) 

such  that  d(f(x),y0)  <  d(yn,y0)  . 

The  set  M  is  so  constructed  that  f(M)  does  not  contain 
any  of  the  y^  '  s.  Now,  since  all  our  spaces  here  are  metric,  the  map 
f  :  f  "^(  A  )  -*■  A  is  hereditarily  quotient  (  see  Chapter  II,  theorem  2) 
clearly  M  u  f  yo)  is  a  neighborhood  of  f  yo)  in  f  A  )  ; 
therefore  by  theorem  1  ,  f (  M  )  is  a  neighborhood  of  yo  .  But  this  is 
a  contradiction  since  (yn)n  £  ^  converges  to  yo  in  A.  This  provides 
the  compact  neighborhood  we  were  looking  for. 


(b)  (c)  .  If  p  ->•  p  in  X  ,  where  each  p  is  non-isolated , 

n  n 

then  X-Ip^jneN}  is  not  locally  compact  since  any  neighborhood 
of  p  would  have  a  sequence  with  no  converging  subsequence  (  a 
sequence  converging  to  a  suitable  p^  ).  Hence,  if  X  is  hereditarily 
locally  compact,  then  each  point  of  X  has  a  deleted  neighborhood 
consisting  of  isolated  points.  Now  if  p  is  a  non-isolated  point  of 
X  ,  there  exists  a  neighborhood  V  of  p  such  that  V  -  U  is 
finite  for  each  neighborhood  U  of  p  contained  in  V  :  simply  take 
V  to  be  any  compact  neighborhood  of  p  consisting  of  isolated  points 
It  follows  that  each  non-isolated  point  p  in  X  has  a  neighborhood 
which  consists  of  a  sequence  converging  to  p  . 


(c)  -*  (a)  .  For  an  example  of  such  a  quotient  map  ,  if 
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A  c  m  (  K0)  and  xQ  is  a  fixed  point  of  A  ,  map  A  onto  itself 
and  for  every  x  e  m( H»)  -  A  ,  if  x  is  in  a  sequence  S™  for  which 
the  limit  point  is  in  A  ,  map  x  onto  this  limit  point  ,  otherwise 
map  x  to  xo  .  □ 


Remark  .  Among  countable  metric  spaces  which  are  not  quotients  of 
m( Ho)  >  the  simplest  (  in  a  sense  to  be  made  precise  shortly  )  is 
the  metric  wedge  product  A  of  countably  many  converging  sequences, 
that  is 


A  =  {  a)  u  {  a.  .  ;i  ,j  e  N) 

ij 

with  the  topology  in  which  each  a_^  is  isolated  and  (basic)  neigh¬ 
borhoods  of  the  point  a  have  the  form 


U  =  {a}u{a  ;j^n}. 
n  ij 

This  space  is  the  test  space  for  countable  metric  spaces  which  are 
not  quotients  of  m(K0).  In  fact,  any  metric  space  (countable  or 
not  )  is  hereditarily  locally  compact  if  and  only  if  it  contains  no 
copy  of  A  .  Since  A  itself  is  not  locally  compact  ,  necessity  is 
obvious.  For  sufficiency,  suppose  X  is  not  hereditarily  locally 
compact  and  let  B  be  a  non-locally  compact  subset  of  X  and 
p  e  B  a  point  with  no  compact  neighborhood  in  B.  There  exists  an 
increasing  sequence  of  integers  (a(n))  such  that  for  any  n  e  N, 

IT  £  IN 

the  ring  B(p,— 7—.)  -  B(p,  )  contains  countably  many  elements 

r  a(n)  a(n+l) 

of  B  ,  say  (  x11  )  „  .  Otherwise,  there  would  be  some  n^  e  N 

J  m  m  e  N  o 

1  1 

such  that  B (p ,g y)  ~  B(p,— )  is  flnite  for  every  n  >  o(nQ);but  then 


1 


o' 


B ( p ,  ■  would  be  a  compact  neighborhood  of  p  in  B  .  Hence  the 

°  n° 

sequence  (a(n))  „  exists  and  the  sequences  (x  )  .T  for  n  e  N 

neN  mmeN 


together  with  p  provide  the  required  copy  of  A 


Theorem  2  shows  that  very  few  countable  metric  spaces 
are  quotients  of  m(K0)  .  Thus,  the  situation  which  holds  for  car- 

dinalities  like  c  ,  2  ...  does  not  hold  for  the  countable  case. 

We  must  then  look  at  the  second  question  :  is  some  other  space 
universal  for  the  countable  metric  spaces  ? 

The  answer  is  yes  .  As  a  corollary  to  a  result  of  Sier- 
pinski  ,  every  countable  metric  space  is  a  quotient  of  the  space  Q 
of  rational  numbers  .  Specifically  , 

Theorem  3  (Sierpinski)  :  Every  countable  metric  space  which  is  dense- 
in-itself  is  homeomorphic  to  Q  . 

Proof  :  see  [ 9  ]  . 

Corollary  :  Every  countable  metric  space  is  a  quotient  image  of  Q  . 

Proof  :  If  X  is  a  countable  metric  space  ,  then  X  *  Q  is  a  coun¬ 
table  dense-in-itself  metric  space  and  hence  is  homeomorphic  to  Q. 
Composition  of  this  homeomorphism  with  the  first  projection  of  the 
product  gives  the  required  quotient  map.  D 

We  conclude  that  for  cardinalities  k  such  that  k  °  =  k 
as  well  as  for  cardinality  Ho  ,  there  is  a  quotient-universal  space 
for  metric  spaces  of  that  cardinality.  It  remains  to  look  at  the  case 
of  cardinalities  k  >  Ho  such  that  k^°  >  k  .  For  spaces  X  of  such 
cardinalities,  the  space  S(X)  defined  at  the  beginning  of  this  sec- 
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tion  will  often  contain 


K, 


converging  sequences;  the  usual  disjoint 


union  of  convergent  sequences  will  then  have  cardinality  bigger  than 
that  of  the  space  (k  ° )  and  hence  does  not  qualify  as  a  universal 
space.  But  it  turns  out  that  those  cardinalities  still  have  a  univer¬ 
sal  space  and  in  fact  this  space  will  act  as  a  universal  space  not  only 
for  metric  spaces  but  also  for  first-countable  spaces. 


3 . First-countable  spaces 


We  show  in  this  section  that  first-countable  spaces  of  a 
given  cardinality  have  a  quotient-universal  space. 


Let  k  be  a  cardinal  and  let  (  oo  x  k  )  be  the  following 


set  : 

& 

(  go  x  k  )  =  {(n,y);n  e  N,  y  <  <}  u{(co,k)}  . 

A 

We  give  to  (  oo  x  k  )  the  following  topology  :  every 
point  is  open  except  (co,k)  which  has  as  a  neighborhood  base  the 
sets  : 


{ (n  ,y)  ;  n  >  nQ  ,  y  <  k  } 

as  nQ  runs  through  the  integers.  Now  let  T(k)  be  the  disjoint  union 

A  A 

of  k  copies  of  (  oo  x  <  )  .  We  denote  the  a-th  copy  by  (  oo  x  <  ) 

so  that 


T(k)  =  u  (  oo  x  k  ) 
v  '  a<K  a 

A 

and  we  denote  the  elements  of  (  oo  x  k)  by 
Clearly  the  space  T(k)  is  first-countable. 


theorem  : 


(n,y)  or  (oo,k) 
x  J  a  a 

We  have  the  following 


Theorem  4  :  Every  first-countable  space  X  of  cardinality  less  than  or 


equal  to  K  is  a  quotient  of  T (k) . 


Pr oof  :  We  may  as  welj  assume  that  X  has  cardinality  k  so  let 

X  =  {x  ;a<K}  be  a  first-countable  space.  For  each  x  e  X, 
a  r  a  ’ 

let  (  Bn  )  be  a  countable  neighborhood  base  at  x  .  We  may 

a  n  e  N  &  a 

assume  the  Bn  ’s  are  decreasing  .  Now  since  lBn|  ^  k  ,  let  fn  be 

a  °  a  a 

a  map  of  <  onto  Bn  .  We  define  f:T(«)  X  as  follows  : 

a 

f((n,Y)a)  =  f"  (Y) 

f(("’K)a)  =  xa 


We  show  that  f  is  a  quotient  map.  First,  f  is  con¬ 
tinuous.  For  ,  let  0  =  {xQ  ;3  e  T  c  <  }  be  an  open  set  of  X  . 

p 

To  show  that  f  0  )  is  open  in  T(<)  ,  it  suffices  to  show  that 
f  0  )  contains  a  neighborhood  of  any  (co,k)  ,  3  e  T  .  Now  since 

p 

0  is  open  and  xD  e  0  ,0  contains  B^0  for  some  n^  e  N  and  since 

p  p  u 

the  B^  's  are  decreasing,  0  contains  B^  for  all  n  >  n  .  Therefore 

p  p  u 

f  0  )  contains  {  (n,y)^  ;  n  ^  nQ  ,  y  <  k  }.  This  shows  that 

f  0  )  is  open  .  Therefore  f  is  continuous  . 

Now  let  A  c  X  be  such  that  f  A  )  is  open  in  T”(k)  . 
Say  A  =  {xgjSercic}.  Since  (u),<)g  e  f  1(  A  )  and  f  1(  A  ) 
is  open  ,  for  some  nQ  ,  the  set  {(n,y)R  ;  n  ^  nn  ,  y  <  k  }  is  con- 


3 


tained  in  f  A  )  .  This  implies  that  A  contains  B^O.  Therefore 

A  contains  a  neighborhood  of  each  of  its  points  and  hence  A  is 


open  .  □ 


The  space  T(k)  is  then  a  quotient -universal  space  for 
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first-countable  spaces  of  cardinality  k  .  Note  that  T(k)  is  in 
fact  a  metrizable  space  .  For  example  ,  the  following  metric  d 
is  compatible  with  the  topology  of  T(k)  : 


d(  (n>Y)a  >  (n' »Y' )g  ) 

d(  (w,<)a  >  (w,K)g  ) 

d(  0>K)a  >  (n>Y)g  ) 

d(  (n,y)  ,  0,k)  ) 


d(  (n  j  Y  )a  »  (^»Y>)a) 


=  1 
=  1 

=  1 

1 

n 

1 


+  — 
m  n 


if  3  4-  a 
if  3  ¥  a 
if  3  ¥  a 


Therefore  T (k)  provides  also  a  universal  space  for  metric 
spaces  of  cardinality  k  .  We  had  one  already  for  K 0  and  k  such 


K 

that  Kr'°  =  <  but  not  for  cardinalities  k  with  k  °  >  k  . 


Remark  .  The  fact  that  T(K0)  is  a  universal  space  for  countable 
metric  spaces  while  m(  Ko)  is  not  illustrates  the  superiority  of 
nets  over  sequences  in  the  description  of  topologies  ;  indeed  it 
shows  that  it  is  not  always  possible  to  determine  the  topology  of 
a  countable  metric  space  by  giving  countably  many  of  its  convergent 
sequences  while  it  is  always  possible  to  do  so  by  giving  countably 
many  of  its  convergent  nets  (  (  w  x  k)  -i  (co  ,k) /acts  as  a  directed 


set  )  . 


CHAPTER  II 


Countable  Sequential  Spaces 

1 .  Sequential  and  Frgfchet  spaces  . 

The  sequential  and  the  Frdchet  spaces  are  two  classes  of 
topological  spaces  for  which  the  topology  can  be  determined  in  some 
way  by  the  convergent  sequences  .  More  precisely  , 

Definition  1  .  A  topological  space  X  is  said  to  be  sequential 
if  a  subset  A  of  X  is  open  if  and  only  if  every  sequence  conver¬ 
ging  to  a  point  of  A  is  eventually  in  A 

Definition  2  .  A  topological  space  X  is  said  to  be  Fr dchet  if 
for  any  subset  A  c  x  ,  a  point  is  in  the  closure  of  A  if  and 
only  if  there  exists  a  sequence  in  A  converging  to  this  point  . 

Sequential  and  Frechet  spaces  have  been  investigated  by  S.P. 
Franklin  in' [3]  and  [4].  He  identified  those  spaces  as  being  the 
quotients  of  metric  spaces  and  the  hereditary  quotients  of  metric 
spaces  respectively. 

Clearly  ,  every  first-countable  space  is  both  sequential 
and  Frechet  ;  one  of  the  simplest  examples  of  a  non-first-countable 
Frechet  space  is  the  quotient  of  the  disjoint  union  of  countably 
many  convergent  sequences  obtained  by  identifying  the  limit  points. 

A  Frechet  space  is  always  sequential  but  the  converse  is 
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not  true  ,  as  the  following  example  shows  .  Franklin  shows  in  [ 4  ] 
that  a  sequential  space  is  Frdchet  if  and  only  if  it  is  hereditarily 
sequential . 

Example  .  Let  f  :  Q  ->  Q  be  the  following  map  : 

f (x)  =  x  if  x  ^  n  for  all  n  e  N 

f(n)  -  A 

Let  Q°  =  f(Q)  and  let  us  consider  on  Q°  the  quotient  topology 
induced  by  f  .  With  this  topology  ,  Q°  is  a  sequential  space  which 
is  not  Frdchet  (and  also,  f  is  a  quotient  map  which  is  not  heredi¬ 
tarily  quotient  ).  Indeed, let 

A  =  Q  n  (  y,  ]n,n+l£  )  • 
n=l 

Then  0  e  A  ;  however  ,  no  sequence  of  points  of  A  converges  to  0  . 

For  suppose  (x  )  „  c  A  and  x  0  ;  then,  we  see  first  that 

p  p  e  N  p 

for  each  n  ,  only  finitely  many  of  the  x^  ’  s  are  in  Q  n  ]n,n+l[  , 

otherwise  we  would  have  a  subsequence  converging  to  0  and  lying  in 

]n,n+l[  which  is  impossible  ;  now  ,  since  only  finitely  many  of  the 

x  's  are  in  Q  n  3n,n+l[  ,  then 
P 

]-l  ,1  [  u  n  ]n,n+l[  -  {x^;p  e  N  .}  ) 

provides  a  neighborhood  of  0  containing  no  point  of  the  sequence, 
contradicting  the  fact  that  the  sequence  converges  to  0  . 

Theorem  1  below  shows  that  Q  is  sequential  . 

Theorem  1  :  Every  quotient  of  a  sequential  space  is  sequential  . 

Proof  :  Let  X  be  a  sequential  space  and  f  :  X  -*  Y  be  a  quotient 
map  of  X  onto  Y  .  Let  A  be  a  subset  of  Y  such  that  every 


sequence  converging  to  a  point  in  A  is  eventually  in  A  .  Suppose 
xn  xQ  e  f  ^  A  )  .  Then  ,  by  continuity  f(x^)  f(xQ)  e  ^  and 
hence  (  f(x  )  )  is  eventually  in  A  ;  this  shows  that  (x  ) 

is  eventually  in  f  (  A  )  ,  and  since  X  is  sequential  ,  then  f  ^(A) 

is  open  .  Now  ,  f  being  a  quotient  map  ,  it  follows  that  A  is 

open  .  □ 

The  following  theorem  is  proved  by  Franklin  in  [ 3  ]  . 

Theorem  2  :  If  X  and  Y  are  Hausdorff  ,  X  is  a  Frechet  space 
and  f  :  X  ->  Y  is  a  quotient  map  ,  then  Y  is  a  Frdchet  space  if  and 
only  if  f  is  hereditarily  quotient  . 

2 .  Countable  sequential  spaces  . 

For  any  space  X  ,  let  S(X)  be  ,  as  in  Chapter  I  ,  the 

disjoint  union  of  the  convergent  sequences  of  X  .  It  is  easily 

seen  that  the  natural  map  from  S(X)  onto  X  (mapping  points  onto 

themselves  )  is  a  quotient  map  if  and  only  if  X  is  sequential  . 

Hence  ,  if  k^0=  k  ,  the  disjoint  union  of  «  copies  of  S  (  we  had 

S  =  {  —  ;n£N}u{0})  provides  a  quotient-universal  space 

n 

for  sequential  spaces  of  cardinality  less  than  or  equal  to  <  and 
this  universal  space  has  the  additional  property  of  being  metric. 

Then  ,  in  particular  ,  the  family  of  sequential  spaces 
of  cardinality  less  than  or  equal  to  c  (and  the  same  holds  for 

c 

cardinality  2  )  has  a  quotient-universal  metric  space  .  As  in  the 


' 
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case  of  metric  spaces  ,  this  leads  to  two  questions  for  the 
countable  case  : 

is  m(^0)  a  universal  space  for  countable  sequen¬ 
tial  spaces  ? 

if  not  ,  is  some  other  countable  metric  space  uni¬ 
versal  ? 

The  answer  to  the  first  question  is  of  course  ,  no  ,  since 
we  saw  in  theorem  2  of  Chapter  I  that  even  metric  spaces  were  rarely 
quotients  of  m(  )  .  Now  ,  is  some  other  countable  metric  space 
universal  for  the  countable  sequential  spaces  ?  We  will  show  that 
there  is  no  such  space  by  constructing  countable  sequential  spaces 
that  are  not  quotients  of  any  countable  metric  space  (  though  each 
of  them  will  be  a  quotient  of  a  separable  metric  space  )  . 

■k 

The  spaces 


For  any  subset  A  of  R  ,  let 


be  the  following  sub¬ 


set  of  R 


Qa  =  Qx(Q-{0})UAx{0}  . 

Now  let  Q  be  the  set  Qx(Q-{0})u{e}  where  e  is  any 

* *  * 

point  not  in  Q  x  (  Q  -  {  0  })  .  Let  be  the  set  Q  with  the 

•k 

quotient  topology  determined  by  the  map  of  onto  Q  which  is 

the  identity  on  Q  x  (  Q  -  {  0  })  and  maps  A  x  {  0  }  onto  the 

* 

point  e  .  In  other  words  ,  is  the  space  obtained  from  by 

identifying  A  x  {  0  }  to  a  single  point  . 


as  A  runs  through  the  subsets  of  R 


The  spaces  Q 

are  countable  sequential  spaces  .  They  are  actually  Frdchet 
spaces  .  However  not  all  of  them  are  quotients  of  countable 
metric  spaces. 


Lemma  1  :  Let  X  and  Y  be  Frdchet  spaces  and  let  f  :  X  Y 


be  a  hereditarily  quotient  map  from  X  onto  Y  .  If  (  y  ) 

n  n  e  N 

is  a  sequence  in  Y  such  that  y  ->  y  e  Y  ,  then  there  exists 

n  o 

a  subsequence  (  y  .  .  )  ..  of  (  y  )  XT  ,  points  (x  ,  N) 

a(n)  n  e  N  Jn  n  e  N  a(n)  n  e  N 

and  x  in  X  such  that  x/N->x  ,x  ef^(y)  and 
o  a  (n)  o  o  o 

f(x  .  v )  =  y  /  \ 

a(n)  a  (n) 


Proof  :  Since  f  is  hereditarily  quotient  ,  then 

f  :  f  1(^y„;n  e  N}  u  {y  })  {y  ;n  e  N}  u  {y  } 
n  on  o 

is  a  quotient  map  .  Now  suppose  that  the  conclusion  of  the  lemma 

does  not  hold  .  Then  if  x  e  f  ‘*"(y  )  and  (x  )  c  f  ”*"({(y  )}u  {y  }  ) 

o  o  n  no 

is  a  sequence  converging  to  x  ,  we  must  have  f (x  )  =  y  for  all 

o  no 

n  greater  than  a  certain  integer  since  we  must  have  f(x  )  -*  f(x  ) 

n  o 

and  since  we  assumed  the  conclusion  of  the  lemma  to  be  false  . 

Therefore  ,  f  ^(y  )  contains  a  tail  of  every  sequence  of 

f  1 ({ (yn) }  u{yQ})  converging  to  an  element  of  f  ^(y  )  and  hence 

f  "*"(y  )  is  open  in  f  {y  ;n  e  N}  u  {y  })  •  Since  f  is  a  quotient 
o  no 

map,  this  would  imply  that  {yQ}  open  in  (yn^n  e  N}  u  { yQ }  which 
is  not  true  .  Therefore  the  lemma  holds  .  □ 


Theorem  3  :  If  Q  is  a  quotient  of  a  countable  metric  space  ,  then 

Pi. 

A  is  an  F^  subset  of  R  (  that  is  ,  A  is  a  union  of  countably 
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many  closed  subsets  of  R  )  . 

Proof  :  Suppose  that  there  is  a  quotient  map  f  of  M  onto  Q 

where  M  is  a  countable  metric  space  .  For  each  p  e  A  »  let 

o  =  (x  ,x  be  a  sequence  in  Qx(Q-{0})  such 

p  p  }  i  p  ,  2 


that 


x 


,n  ~  (P»0) I  s  min  <n  -1  xp,n-l  '  (p’°)1  > 


Let  q  be  the  quotient  map  of  Q  onto  Q  .  For  each  p  and  n 

let  z  =  q(x  )  and  let  q  be  the  sequence  (z  - ,z  _,...) 
p,n  p,n  p  n  \  p^’  p,2 

■k 

in  .  Now  q^  ->  e  .  Hence  by  the  lemma  ,  replacing  q^  by 

a  subsequence  if  necessary  ,  we  may  say  that  there  is  some 

b  £  f  ^(e)  and  a  sequence  x  =  (s  n  ,s  in  M 

p  p  p  ,1  p ,  2 

such  that 


x  ■+  b 
P  P 


and 


f(T  )  =  q  (that  is  f (s  )  =  z  for  all  p,n  )  . 

P  P  p,n  p,n 

Let  f  ^(e)  =  (x  :n  £  N}  ,  and  for  n  e  N  ,  let 

n 


A  =  (peA;b  =  x  }  . 
n  p  n 

We  claim  that  the  closure  in  R  of  each  A  is  con- 

n 

tained  in  A  .  Suppose  not  ;  then  some  A^  contains  a  sequence 

(p_^)_^  ^  ^  with  no  cluster  point  in  A  .  The  sequence  q  con- 
1  l  p_^ 

verges  to  e  for  each  i  and  the  sequence  x  converges  to 

^i 


x  for  each  i  .  A  diagonal  sequence  (s  ,s 

n  ~ 


Pl,ni  p2’n2 


5  •  •  •  ) 


with  n,  >  k  for  each  k  will  then  converge  to  x  and  hence 
k  n 


(z 

(x 


>Z 

9 

P1 

’nl 

P2 

»n2 

»x 

5 

P1 

’nl 

P2 

,n2 

,  ...  )  converges  to  e  .  Therefore 
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in  A  x  {  0  }  .  But 


Vnk 

So  any  cluster  point  of 


(pk,°)  |  <  |xpk>k  -  (pk>0)l  < 

(x  ,  . . .  )  in  A  x  {  0  } 

Pl’nl 


1 

k  ; 
would  also 


be  a  cluster  point  of  {  (p  ,0)  ,  (p^jO),  ...  }  which  is  impossible 

by  choice  of  the  p.  '  s  .  Therefore  the  closure  in  R  of  each  A 

l  n 

is  contained  in  A  and  hence  A  =  u  A  which  shows  that  A  is 

neN  n 

an  F  subset  of  R  .  □ 

a 


Corollary  :  If  P  is  the  set  of  irrationals  of  the  real  line  , 
k 

then  Qp  is  a  countable  sequential  space  which  is  not  a  quotient 
of  any  countable  metric  space  . 


Proof 
of  R 


It  is  a  very  well-known  fact  that  P 
See  for  example  [  7 ]  . 


is  not  an  F  subset 

a 


The  condition  that  A  be  an  F  subset  of  R  is  in  fact 

o 

k 

not  only  necessary  but  also  sufficient  to  imply  that  is  a 

quotient  of  a  countable  metric  space  . 


k 

Theorem  3’  :  If  A  is  an  F  subset  of  R  ,  then  Q.  is  a  quo- 

-  a  A 

tient  of  some  countable  metric  space  . 


Proof  :  Let  A  c  R  be  such  that  A  =  u  F  where  each  F  is  a 
-  neN  n  n 

closed  subset  of  R  .  Replacing  the  F^  's  by  their  intersection 
with  bounded  intervals  if  necessary  ,  we  may  assume  that  each  F^ 

k 

is  compact  .  Now  ,  QA  is  clearly  the  quotient  of  the  disjoint 

union  of  the  Q  obtained  by  identifying  all  copies  of  a  given 

F 
.  n 


point  of  Qx(Q-{0})  and  identifying  all  copies  of  the 

point  e  .  Since  a  disjoint  union  of  countably  many  countable 

metric  spaces  is  a  countable  metric  space  ,  it  then  suffices 
* 

to  show  that  Qp  is  a  countable  metric  space  whenever  the  set 

F  is  compact  .  But  since  a  compact  subset  of  a  second- 

countable  metric  space  clearly  has  countable  character  ,then  the 

* 

point  e  in  Qp  has  a  countable  base  of  neighborhoods  and 
* 

therefore  Q  is  a  second-countable  regular  space  and  hence 

r 

a  metric  space  which  is  also  dense-in-itself  .  The  theorem  of 

k 

Sierpinski  mentioned  in  Chapter  I  implies  that  Q  is  homeo- 

r 

morphic  to  Q  □ 

We  conclude  from  theorem  3  and  its  corollary  that  no 
countable  metric  space  can  be  quotient-universal  for  the  countable 
sequential  spaces  .  We  show  now  that  even  if  we  remove  the  requi¬ 
rement  that  our  universal  space  be  metric,  we  still  have  a  negative 
answer  . 


Let  us  define  an  equivalence  relation  on  the  subsets  of 

R  by  : 

*  k 

A  -  B  if  and  only  if  is  homeomorphic  to 

c 

Theorem  4  :  There  are  2  equivalence  classes  for  the  relation  - 


Proof  :  Since  any  two  subsets  of  R  have  different  families  of 


*  A  subset  A  c  X  is  said  to  have  countable  character  in  X  if 
there  is  a  countable  family  (Un)  of  open  sets  containing  A  such 
that  if  V  is  an  open  set  containing  A  ,  then  for  some  no,AcUn  cV . 

o 
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neighborhoods  ,  all  the  topologies  we  determine  on  Q  by  choice 
of  subsets  A  of  R  are  distinct  .  Hence  ,  these  are  2  distinct 

k 

topologies  on  Q  .  Now  ,  if  A  c  R  ,  to  any  B  equivalent  to  A 

there  corresponds  a  homeomorphism  between  Q  and  Q  which  is 

A  B 

k  k 

a  map  from  Q  onto  Q  ;  this  correspondence  between  sets  B 

*  *  * 
equivalent  to  A  and  maps  from  Q  onto  Q  is  one-one  .  Since  Q 

•k  k 

is  countable  ,  there  are  c  maps  from  Q  onto  Q  and  therefore 

there  can  be  at  most  c  sets  B  equivalent  to  A  .  Since  each  equi- 

valence  class  contains  at  most  c  elements  ,  there  must  be  2 
equivalence  classes  .  □ 

c  * 

Corollary  :  There  are  2  non-homeomorphic  spaces  as  A  runs 

through  the  subsets  of  R  . 

Since  there  can  be  only  c  maps  from  a  countable  sequen- 

k  k 

tial  space  onto  the  set  Q  ,  there  are  at  most  c  spaces  that 

can  be  quotients  of  a  given  countable  sequential  space  .  This  shows 

that  no  countable  sequential  space  can  be  quotient-universal  for 

the  countable  sequential  spaces. 

3 .Quotients  of  the  space  of  irrationals. 

In  [  6  ]  ,  Michael  and  Stone  establish  that  every  metric 

space  which  is  a  continuous  image  of  the  set  P  of  irrationals  is 
also  a  quotient  of  P  .  The  question  is  raised  there  whether  this 
result  can  be  extended  to  non-metrizable  regular  T1  images  of  P 
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that  are  also  quotient  of  some  separable  metric  space  :  that  is  , 

if  X  is  regular  and  ,  X  is  a  continuous  image  of  P  and  X  is 

a  quotient  image  of  some  separable  metric  space  ,  then  must  X  also 

* 

be  a  quotient  of  P  ?  The  spaces  Q  will  provide  the  negative 
answer  . 

First  note  that  every  countable  space  is  a  continuous 

image  of  P  since  every  countable  space  is  a  continuous  image  of 

the  countable  discrete  space  and  the  countable  discrete  space  is 

a  continuous  image  of  P (for  example, collapse  each  interval  ]n,n+lCnP 

* 

of  P  to  a  point  )  .  Therefore  each  space  Q  is  a  regular  T  space 
which  is  a  continuous  image  of  P  and  also  a  quotient  of  some  sepa¬ 
rable  metric  space  (namely  Q  )  .  However  , 

c  * 

Theorem  5  :  At  most  c  of  the  2  spaces  {Q^  ;  A  c  R  }  can  be  quo¬ 

tients  of  P  . 


Proof  :  Let  5  be  the  collection  of  spaces  that  are  quotients 

•k 

of  P  .  To  any  Q  in  S  ,  we  can  associate  the  couple 

(  f_1(e)  ,  f/p  .  £-l(e)  ) 

* 

where  f  is  the  quotient  map  of  P  onto  Q  .  This  correspondence 


is  clearly  one-one  .  So  it  suffices  to  show  that  this  couple  can 
take  at  most  c  values  ;  f  “'’(e)  is  a  closed  subset  of  P  and  hence 
f  ^(e)  can  take  only  c  values  ;  now,  for  a  given  closed  subset  A 
of  P  ,  if  A  =  f  ^ (e) ,  then  f ^  ^  is  a  continuous  map  between 

P  -  A  and  Q  -  (e  }.  Since  P  -  A  is  separable  and  Hausdorff  ,  such 

ix 

maps  are  determined  by  their  values  on  a  countable  dense  set  and 
hence  ,  there  can  be  at  most  c  such  maps  .  Therefore 


2  4 


(  f  V)  ,  f 


/P  -  £  1  (e) 


)  can  take  at  most  c  different  values.  □ 


In  fact  ,  we  have  a  more  precise  answer  concerning  which 

* 


spaces  are  quotients  of  P  . 


•k 

Theorem  6  :  is  a  quotient  of  P  if  and  only  if  A  is  an  analy¬ 


tic  subset  of  R  . 


Before  we  prove  this  theorem  ,  we  give  the  necessary  pre¬ 


liminaries  on  analytic  sets  . 


Analytic  subsets  of  a  given  complete  separable  metric 


space  M  are  defined  to  be  continuous  images  of  the  Borel  sets  and 
since  every  Borel  subset  of  such  a  space  is  known  to  be  a  continuous 
image  of  the  set  P  of  irrationals  ,  analytic  subsets  of  M  can 
be  thought  of  as  those  subsets  that  are  continuous  images  of  P 
Countable  unions  and  intersections  of  analytic  sets  are  analytic  . 


There  is  an  equivalent  definition  for  analytic  sets  and 


this  is  the  one  we  will  use  to  prove  the  necessity  part  of  our 
theorem  .  First  ,  we  must  define  the  notion  of  "A-operation"  . 


be  a  system  of  sets  defined  for  each 


Definition  .  Let 


k^  of  positive  integers .  The  set 


finite  sequence  k^jk^ 


CO 


is  called  the  result  of  the  A-operation  applied  to  the  system 

;em  is  called  regular  if 


25 


Theorem  7  :  A  subset  A  of  a  complete  separable  metric  space  M 
is  analytic  if  and  only  if  it  is  the  result  of  the  A-operation 
performed  on  a  regular  system  of  closed  subsets  of  M  . 

Proof  :  For  a  proof  of  this  theorem  and  more  details  about  analy¬ 
tic  sets  ,  see  [5]  or  [ 8 ]  . 


Proof  of  theorem  6 


Sufficiency  is  easy  :  if  A  is  analytic  ,  then  (as  a 

2  2 

union  of  two  analytic  subsets  of  R  )  is  an  analytic  subset  of  R 


and  hence  is  a  continuous  image  of  P  .  By  the  theorem  of  Michael 


* 


and  Stone  ,  Q  is  then  a  quotient  of  P  .  Since  Q  is  a  quotient 


of  Q  ,  Q  is  a  quotient  of  P  . 

k 

Necessity  :  Let  A  c  R  and  suppose  f  :  P  ->  Q  is  a  quo- 

n 

tient  map  .  We  show  that  A  x  {0}  is  the  result  of  the  A-operation 

2 

applied  on  some  regular  system  of  closed  subsets  of  R 

We  fix  on  P  a  metric  with  respect  to  which  P  is  com¬ 
plete  and  this  is  the  only,  metric  that  we  will  use  in  the  proof  . 

Let  (B  )  „  be  a  family  of  open  sets  of  diameter  less 

n  n  e  N 

than  or  equal  to  1  which  covers  P  (using  the  LindelBf  property 

for  example  )  .  For  each  B  ,  let  (B  )  1T  be  a  family  of  open 
r  ”  nm  m  e  N 


n 


sets  of  P  contained  in  B  with  diameter  less  than  or  equal  to  tt 

n  2 


and  which  covers  B  .  Inductively  ,  for  each  B  ,  let 

n  nm...  ,n. 

12  k 

(B  )  „  be  a  family  of  open  sets  of  P  such  that 

n1n....n1ra  m  e  N 
12  k 

-B  c  B 

n  _  n  ~  •  •  *11-  in  ••!!... 

12  k  12  k 

-diameter  (B  )  <  1_ 

nln2'“nk  k+1 
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-1 


-  U.T  B  =  B 

meN  ^^...^111  n,n„...n, 

12  k  12  k 


Let  C  =  f  (e)  . 


It  B  n  C  A  d>  , 

n  n  .  .  .n.  y 

12  k 


If  B 


n  n  .  •  .n 

12  k 


let  F  =  Cl  2 ( f (B 

n,  n.  .  .  .n,  Rz  n,  n_ 

12k  12 

n  C  =  <j>  , 


-  C)  )  n  (R  x  {0}) 


define  F  =  <J> 

n  n  .  .  •  ri- 
12  k 


The  family  {F  ;k  £  N  ,  n.  e  N}  is  a  regular 

n,  n0  .  .  .n,  i 

12  k 

family  of  closed  sets  of  R  x  { 0}  .  We  claim  that  A  x  {0}  is  the 

result  of  the  A-operation  performed  on  the  system  {F  }  of 

n..  n  .  »  •  n 
12  k 

sets  ,  that  is 

A  x  {0}  = 


00 

,  Q-,  F 

n_  n  ~  •  •  .n.  •  •  •  k- -I  n..  n_  •  •  «n. 
12k  12k 


U 


1.  A  x  { 0}  c  u  ,  n.  F 

XT  -  XT  0  •  •  •  XT-  •••  k  1  XT  -  IT  n  •  •  .IT. 

12k  12k 

Let  x  e  A  x  {0}  .  Let  (x  )  „  be  a  sequence  of 

o  n  n  e  N 

A 

Qx  (  Q  —  { 0}  )  converging  to  x  .  Then  ,  in  Q  ,  x  -»-  e  .  Since 

kJ  IT 

•k 

f  :  P  ->  Q.  is  hereditarily  quotient  ,  there  exist  (y  ,  .  )  c  P 

A  J  n)  n  e  N 

and  yQ  e  C  =  f  ^(e)  such  that 


-  y  ,  \  ->■  y  and 

Ja(n)  7o 

-  f  (y  (  .  )  =  x  ,  N 

o (n)  a (n) 

(by  the  lemma  1  of  this  chapter  )  .  Since  the  family  (B  ) 

n  n  £  N 

covers  P  ,  let  n..  be  such  that  y  £  B  .  Inductively  ,  if  nlSn-,... 

’1  ;o  n  J  1  2’ 

n,  have  been  chosen  so  that  y  e  B  ,  then  find  n.  such 

1c  O  n ,  n .  .  .  .  n,  k+1 

12  k 

that  y  e  B  by  using  the  fact  that  the  family  (B  ) 

jO  nm,...!  ^  n  .  .  .n  nr  meN 

1  2  k+1  1  k 


.  Now  each  B  is  open  and  contains  y  e  C: 

mn.^.n.  n1n0...n1  o 

12k  12k 


covers  B 

hence  it  contains  a  tail  of  the  sequence  (y  ,  s.  )  and  since  x  ,  , 

o  (,n )  o  ^n; 


->  x. 


o 
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in  R  ,  then 


xq  e  Clp2 (f (B^  „  _  -  C)  )  n  (R  x  {0})  . 


"R" 


n  n  .  .  .n 

12  k 


Hence  for  this  particular  choice  of  n  s,n  ,  .  .  .  ,n  ,  .  .  .  , 

J.  Z  K. 

oo 

x  e  .  n,  F 
O  k=l  nn  n_  .  .  .n. 

12  k 

OO 

2.  u  , n ,  F  cAx{0}. 

n ri •  •  *11--,  •  •  •  k  1  it  n0  •  •  til. 

12k  12k 

OO 

Let  x  e  ,  n,  F  and  suppose  x  i  Ax  {0}  .  We 

o  k=l  n..  n~  .  .  .n,  o 

12  k 

seek  a  contradiction  .  We  have 


x  e  Cl  o(f (B 
O  R^  nn  n.  .  .  .  n. 

12  k 


-  C)  )  n  (R  x  {0})  . 

-  C)  ,  there  is  a  sequence  converging 


Therefore  in  each  f(B 

IT-.  n~  •  •  •ir, 

^2^  ^  k 

to  x  in  the  sense  of  R  .  Say  (x  )  _T  c  f(B  -  C)  and 

O  n  n  e  N  nin2 ’ ’ * nR 

x^  ->  x  .  Since  f(B  -  C)  c  f(B  -  C)  ,  by  taking 

n  o  n1n_...n1  n.n..  .  .n,  - 

12k  12  k-1 

some  kind  of  a  diagonal  sequence  ,  we  can  get  a  sequence  (x^)^  £  ^ 


such  that 


-x  -*  x  (in  R)  and 
no 

-  x  e  f (B  -  C) 

n  WA 


for  all  n  >  k  . 


(For  example  ,  take 


x.  e  (x  )  .T  with  d(x^  ,x  )  <  1 
1  n  n  e  N  1  o 

X2  £  ^Xn^n  e  N  with  d(x2,xQ)  <  y 


Now  since 


*k 


x  e  (xp)  with  d(x  ,x  )  <  —  ...  ) 

p  n  n  £  N  p  o  p 


e  f  (B  -  C)  ,  let  y  e  B 

n  n  n  ~  •  •  *11-  k  ri-.n0 .  •  •  il 

12k  12k 


f(y.  )  =  x,  .  Then  (y  )  , T 

k  k  Jn  n  e  N 


-  C  be  such  that 
is  a  sequence  in  P  such  that 


y  E  B  for  all  n  >  k  (since  B 

n  n,n0...n,  nm,..  .n, 

12k  12  k+1 


Since  the  diameter  of  B 


nm-.-.n, 
12  k 


c  B  ) 

n  n0  •  •  •  n, 
12  k 

is  less  than  or  equal  to  —  , 


then  (y  )  is  a  Cauchy  sequence  .  P  being  complete  with  the  metric 

considered  ,  let  y  e  P  be  such  that  y  y  .  Since  f  is  continuous  , 

;n  Jo 

•k 

f(y  )  -*  f  (y_)  .  But  f  (y  )  =  x  and  (x  )  „  does  not  converge  in  Q. 

wn  jO  Jn  n  n  n  e  N  &  A 

2 

since  x  x  in  the  sense  of  R  and  x  i  A  x  {0}  .  Therefore  we  get 

no  o 

a  contradiction  . 

We  finally  conclude  that  A  x  {0}  is  an  analytic  subset  of 
and  hence  A  is  an  analytic  subset  of  R  .  □ 


CHAPTER  III 


Sequential  Spaces  of  Higher  Cardinalities 

We  have  established  in  the  previous  chapter  that  there  is 
no  countable  metric  space  which  is  quotient-universal  for  the  countable 
sequential  spaces  while  we  know  that  such  a  space  exists  for  the  cor¬ 
responding  problem  in  cardinality  c  .  We  now  look  at  the  same 
question  for  cardinalities  less  than  c  if  the  continuum  hypothesis 
does  not  hold  .  And  finally  ,  to  complete  the  study  ,  we  will  look  at 
cardinalities  bigger  than  c  for  which  the  disjoint  union  of  convergent 
sequences  of  a  space  has  cardinality  bigger  than  that  of  the  space 
and  hence  does  not  qualify  as  a  universal  space  . 

1 .  Sequential  spaces  of  cardinality  k  with  <  k  <  c  . 

k 

The  spaces  Q  are  as  constructed  in  the  previous  chapter. 

k 

Theorem  1  :  is  a  quotient  of  a  metric  space  of  cardinality  k  <  c 

if  and  only  if  A  is  a  union  of  k  closed  sets  of  R  . 

Proof  :  The  proof  can  be  copied  exactly  from  the  proofs  of  theorems  4 

4'  of  Chapter  II  except  that  f  ^"(e)  will  now  be  written  as  {x^;a  <  k} 

instead  of  {x  ;n  e  N}  and  the  sets  A  will  be  replaced  by  the  cor- 
n  n 

responding  sets  A  ,  a  <  k,  with 

a 

A  =  {peA;b=x}. 
a  pa 
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Pr oposi tion  :  There  exists  a  subset  AQ  of  R  which  is  not  a  union 
of  less  than  c  closed  subsets  of  R  . 


Proof  :  There  are  c  uncountable  closed  sets  in  R  ;  so  let 

{C  ;  a  <  c}  be  those  sets  .  Let  p1  and  q..  be  any  two  distinct 
a  1  nl 

elements  of  C  .  If  p  and  q  have  been  chosen  for  3  <  a  such 

1  3  3 

that  p  e  C  ,  q  e  C  and  all  of  them  are  distinct  ,  then  since 

3  3  3  3 

{pQ  5  To  >  3  c  a}  has  cardinality  less  than  c  and  since  any  un- 
3  3 

countable  closed  set  of  R  has  cardinality  c  ,  we  can  pick  p  e  C  , 

a  a 

q  e  C  such  that  p  ^  q  and 

a  a  a  a 

Pa  d  {PB  ’  qB  ;  6  "  0l 

q  i  {pfi  ,  qfi  ;  3  <  a} 
a  33 

Let  A  =  {p  ;  a  <  c}  .  If  A  were  a  union  of  k  closed  sets  of 
o  a  o 

R  (  k  <  c)  ,  then  one  of  them  would  have  to  be  one  of  the  C  ’s  .  But 

a 

it  is  impossible  since  for  any  a  <  k  ,  q  e  C  and  q  i  A  D 

a  a  a  o 


Corollary  :  Q  is  not  a  quotient  of  any  metric  space  of  cardinality 


o 


less  than  c  . 


These  results  lead  to  the  following  theorem  . 

Theorem  2  :  c  can  be  characterized  among  cardinals  as  the  smallest 
one  for  which  there  is  a  metric  space  quotient-universal  for  sequen¬ 
tial  spaces  of  that  cardinality  . 

2 .  Sequential  spaces  of  cardinality  k  >  c  . 

We  already  know  that  if  k  °  =  k  ,  the  disjoint  union  of  k  ° =  k 
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copies  of  S  =  {—  ;  n  e  N}  u  {0}  acts  as  a  quotient-universal  space 

n 

for  sequential  spaces  of  that  cardinality  .  So  we  study  the  case 

K*°  >  K  . 

o- 

For  <  >  c  with  k  °  >  k  ,  let  D(k)  be  the  discrete  space 

of  cardinality  <  and  let  B(k)  be  the  product  of  countably  many 
copies  of  the  discrete  space  ,  that  is 


BOO  = 


n  (  d(0  ) 

neN  n 


Being  a  countable  product  of  metric  spaces,  B(k)  is  metric. 
It  has  cardinality  and  it  has  a  dense  subset  of  cardinality  <  . 

Indeed  ,  let  xq  be  a  fixed  element  of  D(k)  and  let  K(k)  be  the  set 
of  all  points  of  B(k)  for  which  all  but  finitely  many  coordinates 


are  equal  to  x  .  This  set  is  dense  in  B(k)  since  any  element 

o 

(y  ,y  ,...,y  ...)  is  the  limit  of  the  sequence 

(  y  2  >  XQ  »  XQ  >  *  *  •  »  XQ  » •  •  • ) 

(yl ,y2 ,xo  *  *  * ' ,xo  *  *  *  * } 

(y!  ,y2  ’  *  '  ‘  ’  yn  ’  Xo  ’  ’  *  -x0’  *  •  ^ 


of  elements  of  K(k)  .  Furthermore  ,  K(k)  has  clearly  cardinality  k  . 


B(k)  and  K(k)  will  play  the  same  r61e  as  R  and  Q  res¬ 
pectively  played  in  the  case  of  cardinalities  smaller  than  c  .  Namely 
let  K(k)  =  K(k)  x  (K(k)  -  (x  ,  xq  ,xq  ,  .  .  .  ,xq  ,  .  .  .)  )  u  {e}  where  e  is 
a  point  not  in  K(k)  .  For  a  subset  A  of  B(k)  ,  let  K(k)^  be 
the  set 


K(k)a  =  K(k)  x  (K(k )  - 


(x 

o 


o 


.X 


o 


))  u  (A 


(V 


X 


o 


,x_ 


O  ■ 


.)) 


and  let  K(k)  be  the  set  K(k)  with  the  quotient  topology  determined 


* 

by  the  natural  map  of  K(k)  onto  K(k)  (mapping  points  of 

K(k)  x  (K(k)  -  (xq  ,xq  ,  .  .  .  ,x  ,  .  .  . )  )  onto  themselves  and  A  x  (x  ,x  , ...) 

onto  e) . 

As  A  runs  through  all  subsets  of  B(k)  ,  we  get  a  family 

k-Ko  * 

of  2  sequential  topologies  on  K(k)  and  actually  those  are  Frechet 
topologies  . 

We  prove, as  in  the  previous  case,  that  not  all  of  those  spaces 
can  be  quotients  of  a  metric  space  of  cardinality  <  . 

Lemma  :  If  K  is  a  compact  subset  of  a  metric  space  X  ,  then  K  has 
countable  character  in  X  . 

Proof  :  Let  us  denote  by  B(K,— )  the  set  K  enlarged  by  —  , that  is 
-  J  n  y  n 

B (K ,— )  =  (x  e  X  ;  d(x,K)  <  -} 

n  n 

We  claim  that  the  sets  B(K,^-)  form  a  base  of  neighborhoods  of  K, 
that  is, that  every  open  set  containing  K  must  contain  one  of  these. 
Indeed  ,  let  U  be  an  open  set  of  X  such  that  K  c  U  .  Since  K  is  com¬ 
pact  and  and  X  -  U  is  closed  ,  then  d(K,X  -  U)  >  —  for  some  n  e  N. 

no 

1  ° 

It  is  then  clear  that  B(K,—  )  c  U  .  □ 

no 

* 

Theorem  3  :  K(k)^  is  a  quotient  of  a  metric  space  of  cardinality 

less  than  if  and  only  if  A  is  a  union  of  less  than  compact 

subsets  of  B(k) 


Proof  :  Sufficiency  :  Let  A  =  u  F  with  t  <  k  °  ,  and  F  compact 

-  a<T  a  a 

*  * 

Clearly  ,  K(k)  is  a  quotient  of  the  disjoint  union  of  all  K(k)  ’s, 
A  r 

a 

, (mapping  all  copies  of  points  of  K(<)  x  (K(k)  -  (x  ,xo>...)  ) 


a  <  x 
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onto  themselves  and  all  points  of  the  sets  F  x  (x  ,x  onto  e. 

a  o  o 

Hence  it  suffices  to  show  that  if  F  is  compact,  K(k)  is  a  quotient 

F 

of  a  metric  space  of  cardinality  k. 

* 

We  show  in  fact  that  K(k)^,  is  itself  metric,  using  the 
general  metrization  theorem.  By  the  lemma  above,  F  has  a  countable 
base  of  neighborhoods  in  K(k)  x  (k(k)  -  (xo,xQ, . . . ))  u  F x  (x,x, . . . ) ; 

let  (Bn)  t^lose  neighborhoods  and  we  may  assume  that  they  are 

decreasing.  Now,  K(k)j,  is  metric  and  hence  has  a  a-locally  finite 
base,  say  where  U ^  is  a  locally  finite  family.  Now,  if  for 

any  U  e  we  define  U  =  U  -  {f  x  { 0} }  and  if  we  define 

^5*  ^ 

4_  =  'fU  ;  U  e  U  }  u  {B  },  then  u  U  is  a  base  for  K(k)  .  It 
n  n  n  neN  n  F 

follows  for  a  classical  compactness  argument  that  U  is  also  locally 

•k 

finite  and  hence  K(k)  is  metrizable. 

F 


Necessity  :  The  proof  of  the  necessity  is  very  much  like  the  proof 

of  the  corresponding  theorem  in  the  case  of  cardinality  once  we 

realize  that  in  theorem  4  of  Chapter  II  ,  besides  proving  that  the 

A  ’s  had  their  closure  in  A  ,  we  could  have  proved  at  the  same  time 
n 

that  is  also  compact  .  This  did  not  make  a  difference  then  since 

in  R  ,  a -compact  sets  and  F  sets  are  the  same  .  But  it  does  make  a 

o 

difference  now  and  we  do  want  the  stronger  conclusion  about  compact¬ 
ness  of  the  corresponding  sets  .  So  ,  as  before  ,  for  each  p  e  A  , 


we  let  a  =  (x  , ,x  0,...  )  be  a  sequence  in  K(k) x(K(k) -(x  ,x  ,...)) 
p  p,ip,z  oo 


such  that 


1 


d[x  ,(p,(xo,xo,...)  )  ]  <  min{-,  d[xp , (p , (xo,xq, . . .  )  )  ]} 
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Let  q  be  the  quotient  map  of  K(k)  onto  K(k)  •  For  each  p,n, 

let  z  =  q(x  )  and  let  n  be  the  sequence  (z  _,z  „,...) 

p,n  p,n  p  p,2 

* 

in  K(k)  .  Now  rip  e  .  Hence  ,  since  f  is  hereditarily  quotient, 

replacing  by  a  subsequence  if  necessary  ,  we  may  say  that  there 

is  some  b  e  f  ^(e)  and  a  sequence  t  =  (s  n ,s  in  f  ^"(e) 

P  P  P,1  P >  2 

such  that 

-  t  ->  b  and 

P  P 

-  f  (t  )  =  q 

P  P 

(by  lemma  1  of  Chapter  II.).  Let  f  ^(e)  =  {x  ;  a  <  T  <  k^0}  .  and  for 

a 

a  <  x,let  A  =  { p  e  A  ;  b  =x} 
a  pa 

The  sets  A  are  the  analogue  of  the  sets  A  in  the 
a  n 

countable  case  .  Now  ,  in  order  to  show  that  A  was  contained  in  A 

n 

in  the  proof  of  theorem  4  (Chapter  II)  ,  we  supposed  there  was  a 
sequence  in  A^  with  no  cluster  point  in  A  and  produced  a  cluster  point 
in  A  for  that  sequence  ,  hence  a  contradiction  ;  it  is  important  to 
note  that  we  did  not  need  to  assume  anything  about  that  sequence  to 

start  with  .  Hence  ,  if  we  take  any  sequence  contained  in  A  ,  using 

a 

the  same  argument  as  in  theorem  4  ,  we  can  show  that  the  sequence  has 

a  cluster  point  in  A  .  This  shows  both  that  A  is  compact  and  A  c  A. 

a 

Therefore  A  is  a  union  of  x  (<«r°  )  compact  subsets  of  B(k).  □ 


Proposition  :  B(k)  is  not  a  union  of  less  than  ic  0  compact  subsets 


Proof  :  Suppose  B(k)  =  U  F  (t  <  <n°)  where  F  is  compact  for 

-  a<x  a  a 


any  a  .  Then  at  least  one  F  ,say  F  ,must  have  a  cardinality  bigger 

a  aQ 

Now  since  F  is  compact,  then  tt  (F  )  is  finite  for  any 

n 

o  o 


than  x  . 


n  e  N  (where  tt^  denotes  the  projection  of  the  product  on  the  n-th 

coordinate  );  but  F  c  tt  (F  )  x  tt  (F  )  x  .  .  .  x  tt  (F  )  ...  and 

1  a  2  a  n  a 

oo^o  o 

the  set  on  the  right  has  cardinality  2  °  =  c  <  k  ,  which  is  a  contra¬ 


diction  .  This  shows  more  generally  that  no  subset  of  B(k)  with  car- 
dinality  k  can  be  a  union  of  less  than  k  °  compact  sets  .  □ 


Corollary  :  There  is  no  quotient-universal  metric  space  for  sequential 

L> 

spaces  of  cardinality  <  (  <  °  >  <  )  . 


Proof  :  The  proposition  above  together  with  theorem  3  shows  that 
* 

K(<)g(K)  is  not  the  quotient  of  any  metric  space  of  cardinality 


less  than  k  . 


□ 


Finally  ,  we  can  say  that  the  cardinals  k  such  that  <  °  =  k 
are  characterized  among  cardinals  as  precisely  those  for  which  there 
is  a  quotient-universal  metric  space  for  sequential  spaces  of  that 


cardinality  . 


CHAPTER  IV 


Quasi-  and  Weakly-Quasi-Firs t-Countable  Spaces 

1 .  Quasi-first-countable  spaces  . 

In  studying  the  notion  of  first-countability  ,  one  often 
gives  as  an  example  of  a  non-first-countable  space,  the  quotient  of 
m(K„)  obtained  by  identifying  the  limit  points  to  a  point  xq  ,  that 
is  the  disjoint  union  of  Ho  copies  of  ;  n  e  N}  u  {0}  in  which  we 
identify  all  copies  of  0  to  a  point  xq  .  However,  the  way  in 
which  this  space  fails  to  be  first-countable  is  not  too  drastic  be¬ 
cause  the  space  still  carries  some  notion  of  countability  :  indeed, 
at  xQ  ,  there  are  countably  many  branches  on  each  of  which  we  can 
fix  countably  many  sets  (namely  the  tails  of  the  sequences  )  such 
that  to  construct  a  neighborhood  of  xQ  ,  it  suffices  to  pick  one  such 
set  on  each  branch  .  Another  similar  space  is  the  quotient  of  Q 
obtained  by  identifying  Z  to  a  single  point  .  Those  spaces  are 
much  "closer"  to  first-countability  than  spaces  like  [0,1]  (or  for 

that  matter  any  uncountable  product  of  first-countable  spaces)  and 
*  * 

Qp  for  example , where  Qp  is  as  defined  in  Chapter  II.  We  will  call 
such  spaces  "quasi-first-countable  spaces"  . 

Definition  :  We  say  that  a  space  X  is  quasi-firs t-countable  at  xQ  e  X 
if  there  exist  countably  many  countable  families  of  decreasing  subsets 
of  X  containing  x^  such  that  a  subset  V  of  X  is  a  neighborhood 
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of  x^  in  X  if  and  only  if  V  contains  a  member  of  each  family  . 

We  say  that  X  is  quasi-first -countable  if  it  is  so  at  each 
of  its  points  . 

Quasi-first-countability  at  xq  is  an  intermediate  property 

between  having  X(xq,X)  -  H©  and  X  (xq  ,X)  =  c  ,  where  X(xq,X)  is  the 

smallest  cardinaJity  for  a  neighborhood  base  at  x  .  Not  every  space 

* 

with  X(x^,X)  =  c  is  quasi-first-countable  ;  for  example  Qp  is  a  coun¬ 
table  not  quasi-first-countable  space  (see  theorems  below)  . 

Remark  :  The  notion  of  quasi-first-countability  retains  enough  of 
the  idea  of  first-countability  to  insure  "sequentialness"  and  in  fact 
"Frdchetness"  ,  that  is  : 


Proposition  :  Every  quasi-first-countable  space  is  Fr§chet  . 


Proof  :  Let  x  e  A  and  let  (Bn)  „  be  the  families  provided  by 
-  O  m  m  e  N  r 

quasi-first-countability  at  xq  .  There  exists  nQ  e  N  such  that  each 

Bno  meets  A  ;  for  otherwise  ,  for  any  n  e  N  ,  we  could  find  a(n)  e  N 
m 

such  that 


,n 


B  ,  N  n  A  —  d> 
a(n) 

Now  by  quasi-first-countability  ^uN  B^^  is  a  neighborhood  of  xq 

and  (  u  Bn,v)nA  =  d)  contradicting  the  fact  that  x  e  A  .  Hence 
neN  a (n)  o 

there  exists  n  such  that  Bno  nA  ^  6  for  all  m  e  N  ;  let  x  e  Bn  n  A. 

o  m  mm 

Then  (x  )  T  converges  to  x  since  any  neighborhood  of  x  contains 
m  m  e  N  o  o 

one  of  the  Bn  ' s  .  Therefore  the  space  is  Frdchet  .  □ 

m 


In  previous  chapters  ,  we  saw  that  some  countable  sequential 
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spaces  were  quotients  of  countable  metric  spaces  while  some  others 
were  not  .  The  notion  of  quasi-first-countability  and  as  we  will 
see  later, of  weakly-quasi-f irst-countability  ,  came  up  as  we  were 
trying  to  identify  which  countable  sequential  spaces  were  quotients 
of  a  countable  metric  space  by  characterizing  internally  the  topo¬ 
logy  of  such  spaces  .  Theorem  1  and  more  completely  theorem  4 
give  the  answer  to  that  problem  . 

Theorem  1  :  A  countable  space  X  is  quasi-first-countable  if  and 

only  if  it  is  a  hereditarily  quotient  image  of  a  countable  metric 
space  . 

Proof  :  Suppose  X  is  countable  and  quasi-first-countable  .  For 

x  n 

each  x  ,  let  (B  ’  )  _ _  be  the  families  provided  by  quasi-first- 

m  m  e  N 

x  n 

countability  at  x  .  Let  Y  ’  be  the  set  X  provided  with  the 

discrete  topology  except  for  the  point  x, which  has  as  a  base  of 

neighborhoods  the  family  (BX,n)  .  Then  yX,n  is  first- 

J  m  m  e  N 

countable  ,  countable  and  regular  ,  and  hence  metric  . 

x  n 

Let  Y  be  the  disjoint  union  of  all  Y  ’  's  for  x  e  X 

and  n  e  N  .  Then  Y  is  a  countable  metric  space  . 

Let  f  be  the  natural  map  of  Y  onto  X  (  mapping  a 

point  onto  itself  )  .  Then  f  is  continuous  :  for,  let  0  be  open 

—•I  x  n 

in  X  ;  let  f  (  0  )  n  Y  *  ^  <p  .  If  xeO,  then  since  0  is  open, 

x  n  -“"1 

0  contains  one  of  the  B  *  *s  for  some  m  e  N;  hence  f  (  0  )  con- 

m 

x  n 

tains  a  neighborhood  of  x  in  Y  ’  and  clearly  it  contains  a 
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x  ,n 


neighborhood  of  each  of  its  other  points  in  Y  ’  .  Hence 

f  0  )  n  Yx,n  is  open  .  Therefore  f  0  )  is  open  and  hence  f 


is  continuous. 


The  map  f  is  also  a  quotient  map  :  for  suppose  f  0  ) 

— j_  n 

is  open  in  Y  ,  that  is  f  (  0  )  n  Y  ’  is  open  for  all  x  e  X  and 

— x  n 

n  e  N  .  If  x  e  0  ,  then  since  f  (  0  )  n  Y  ’  is  open  , 

■"I  x  n  x  n 

f  (  0  )  n  Y  ’  contains  a  B  ’  for  a  certain  m  ;  hence  0  contains 

m 

x  n 

B^’  ;  this  is  true  for  each  n  and  hence  ,  by  quasi-first-countabi¬ 

lity,  0  is  a  neighborhood  of  x  .  Therefore  ,  0  is  a  neighborhood 
of  each  of  its  points  ,  that  is  0  is  open  .  It  follows  that  f 
is  a  quotient  map  and  since  X  is  Hausdorff  and  Frdchet  (  by  quasi- 
first-countability  )  ,  f  is  hereditarily  quotient  (see  theorem  2  of 
Chapter  II  )  . 


Now  for  the  converse  ,  let  us  assume  that  X  is  a  heredi¬ 
tarily  quotient  image  of  a  countable  metric  space  M  ;  let  f  :  M  ->-  X 
be  a  quotient  map  .  Let  f  "^(  x  )  =  (x^ ,x^ , .  .  .  ,x^ . .  .  }  .  We  want  to 

n  oo 

show  that  X  is  quasi-first-countable  at  x  ;  let  (C  )  ,  be  a 

m  m=l 

countable  base  of  neighborhoods  of  M  at  xn  >  let 

Bn  =  f(  Cn  )  . 

m  m 

Then  the  (Bn  )  „T  are  the  required  families  .  For  ,  if  0  is  a 
m  m  e  N 

neighborhood  of  x  ,  then  for  any  n  ,  there  exists  o(n)  e  N  such 


that 


„n 


'a(n) 


c  f  ±(  0  ) 


■”1  n 

and  then  0  =  fof  (0)  contains  Ba(n)  ^or  anY  n  e  N  . 


n  “1 

Conversely  ,  if  0  contains  some  Ba(n)  for  n  £  N  >  then  f  (0) 


■ 
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I"I  1 

contains  ^a£n)  f°r  n  an<^  hence  f  (  0  )  is  a  neighborhood  of 
f  "*"(  x  )  .  This  implies  that  0  is  a  neighborhood  of  x  since  f  is 
hereditarily  quotient  .  □ 

Remark  :  The  result  cannot  be  improved  ,  in  the  sense  that  "heredi¬ 
tarily  quotient"  cannot  be  replaced  by  "quotient"  .  Indeed  ,  the 
example  given  at  the  beginning  of  Chapter  II  of  a  sequential  space 
not  Frdchet  is  countable  and  given  as  a  quotient  of  Q  .  However  , 
being  non-Fr£chet  ,  it  is  not  quasi-first-countable  . 

2 .  Quasi-first-countable  spaces  as  quotients  of  metric  spaces 

In  this  section  ,  we  look  at  the  following  question  : 

Can  the  quasi-first-countable  spaces  be  characterized  as  the 
quotients  of  metric  spaces  by  some  particular  kind  of  maps  ? 

Def inition  :  A  map  f  :  X  -*  Y  is  said  to  have  countable  frontier 
if  for  any  ye  Y  ,  fr(f  ^(y)  )  is  countable  .  (We  recall  that  the 
frontier  of  a  subset  A  of  a  space  X  is  defined  as  the  closure  of 
A  in  X  minus  its  interior.) 

Theorem  2  :  The  quasi-first-countable  spaces  are  precisely  the 

images  of  metric  spaces  by  maps  that  are  hereditarily  quotient  and 
have  countable  frontier  . 

x  n 

Proof  :  Suppose  X  is  quasi-first-countable  and  let  (B  ’  )  _T 
-  m  m  e  N 


41 


*  x  ri 

be  the  families  provided  by  this  property  .  Let  Y  5  be  the  set  X 

with  the  topology  in  which  points  are  open  except  for  x  which  has 

as  a  base  of  neighborhoods  the  family  (BX>n)  „  .  YX,n  is  a  metric 

m  m  e  N 

space  (for  example  the  following  metric  is  easily  seen  to  be  compa- 

x  n 

tible  with  the  topology  of  Y  *  : 

-  d(y,x)  =  —  where  m  is  the  smallest  integer 

m  ° 

such  that  yd  BX>n 

m 

-  d(y1}y2)  =  d(y  ,x)  +  d(x,y2> 

for  y  d  x  and  y2  4  x  )  . 

We  define  the  space  Y  to  be  the  disjoint  union  of  all 

x  n 

Y  ’  ’s  and  we  consider  the  natural  map  f  :  Y  X  .  Arguments 

similar  to  those  used  in  the  proof  of  theorem  1  show  that  f  is  a 

quotient  map  and  hence  hereditarily  quotient  since  X  is  Fr6chet  . 

Furthermore  ,  fr(f  x  )  )  is  countable  since  fr(f  x  )  )  is 

x  n 

formed  by  the  point  x  of  each  Y  ’  as  n  runs  through  N  . 

Conversely  ,  let  f  :  M  X  be  a  hereditarily  quotient 

map  that  has  countable  frontier  ,  with  M  a  metric  space  .  Let 

“1  x  ri 

f r ( f  (  X  )  )  =  (x  ,x  , .  .  .  ,x  ,  .  .  .}  .  Let  (C  ’  )  be  a  neigh- 

1  l  n  m  m  e  h 

borhood  base  at  x  and  let 


n 


B 


x,n 


m 


=  f(  cx,n  ) 

m 


Again  an  argument  as  in  theorem  1  shows  that  the  families 


(BX,n) 
v  m  'meN 


are  as  required  .  □ 


A  quotient  map  between  a  metric  space  and  a  quasi-first- 
countable  space  does  not  have  to  have  countable  frontier  .  In  fact, 
in  a  metric  space  ,  as  far  as  neighborhoods  are  concerned  ,  compact 
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sets  and  points  behave  the  same  way  (  we  established  previously  that 
compact  subsets  have  countable  character  in  metric  spaces  )  ,  and 
hence  ,  one  sees  easily  that  in  the  second  part  of  the  proof  above, 
"countable  frontier"  could  be  replaced  by  "o-compaCt  frontier" 

(that  is  fr(f  x  )  )  is  a-compact  for  each  x  e  X  )  .  Hence  ,  we 
also  have  : 

Theorem  2 1  :  The  quasi-first-countable  spaces  are  precisely  the 

images  of  metric  spaces  by  maps  that  are  hereditarily  quotient  and 
have  a-compact  frontier  . 

Still  ,  a  quotient  map  between  a  metric  space  and  a 
quasi-first-countable  space  need  not  have  a-compact  frontier  :  for 
example  ,  take  X  to  be  a  metric  space  ,  M(X)  to  be  the  disjoint 
union  of  uncountably  many  copies  of  X  and  f  to  be  the  natural 
map  of  M(X)  onto  X  (  mapping  points  onto  themselves)  .  However, 
we  do  have  a  result  in  that  direction  for  quotients  that  do  not 
involve  too  many  identifications  .  Namely  ,  let  us  called  a 
quotient  map  f  :  Y  ->  X  a  "nice  quotient"  if  for  any  x  e  X  there 
is  a  neighborhood  V  of  x  in  X  such  that  x  is  the  only  point 
of  V  with  an  inverse  image  of  possibly  more  than  one  point, that  is 
the  elements  x  of  X  for  which  f  x  )  contains  more  than  one 
point  form  a  relatively  discrete  subspace  of  X  .  Then  we  have 
the  following  : 


Theorem  3  :  Let  f  :  M  ->  X  be  a  "nice  quotient  map"  of  a  metric 
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space  onto  a  quasi-first-countable  space  .  Then  f  is  hereditarily 
quotient  and  has  a -compact  frontier  . 


Proof  :  The  map  f  is  hereditarily  quotient  (by  theorem  2  of  Chap¬ 
ter  II  )  since  X  is  Hausdorff  and  Frechet  .  Let  x  e  X  be  such  that 

f  x  )  contains  more  than  one  element  .  We  want  to  show  that 

f  x  )  has  a -compact  frontier  . 

Let  (Bn)  X7  be  the  families  provided  by  quasi-first- 
m  m  e  N 

countability  at  x  ;  we  may  assume  that  c  V  for  each  n  ,  m  e  N  . 
For  each  ye  fr(f  x  )  )  ,  we  can  find  a  sequence  (y^)^  ^  ^  in 

M  -  f  x  )  such  that  : 


-  y  -*  y  and 
y  n 

-  for  some  n  e  N  ,  B^°  contains  a  tail  of 

O  m 

(f(y  )  )  for  all  m  e  N  . 

Jn  n  e  N 

Indeed  ,  let  (z  )  be  any  sequence  of  M  -  f  ■*"(  x  )  converging 

n  n  e  N 

to  y  ;  then  (f(z  )  )  „  converges  to  x  ;  now  there  exists  n  e  N 

J  n  n  e  N  °  o 

such  that  ,  for  all  m  e  N  , 

Bno  n  {f(z);neN}  ^  <J>. 

m  n 

For  otherwise  ,  for  each  n  e  N  we  could  find  a (n)  e  N  such  that 


,n 


B"  v  n  {  f  (z  )  ;n  e  N}  =  4> 

a  (n;  n 


,n 


aid  then  B^  ^  would  be  a  neighborhood  of  x  not  meeting 

(f(z  )  )  contradicting  the  fact  that  (f(z  )  )  ..  converges 

n  n  e  N  nneN 

to  x  .  Hence  there  does  exist  n  such  that 

o 

Bno  n  { f  (z  )  ;n  e  N}  £  <J> 

m  n 


for  all  m  e  N  ;  using  this  and  the  fact  that  the  B^o  's  are  decreasing 
one  can  construct  by  induction  a  subsequence  ^za(n)^n  e  n 


such  that 
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f(  z  ,  s)  e  Bn 
a  (n)  m 

Let  y  =  z  ,  .  .  Then  (y  )  XT  has  the  required  property, 

n  a  (n)  wn  n  e  N  M  r  r  j  > 

that  is  each  Bno  contains  a  tail  of  (f(y  ))  ..  . 

m  N  n  n  e  N 

Now  ,  we  associate  each  y  e  fr(f  x  ))  (via  this 

sequence  (y  )  ..  )  to  the  n  obtained  as  above  .  Let  A 

n  n  e  N  o  n 

O 

be  the  set  of  y  ’s  which  are  associated  to  n  .  We  claim  that  A 

on 

_1  ° 

is  compact  ,  which  will  show  that  fr(f  (  x  )  )  is  a -compact  . 

Since  M  is  metric  ,  it  suffices  to  show  that  each 

sequence  in  A  has  an  accumulation  point  in  fr(f  \  x  ))  .  Let 

o 

(y^)  ,T  be  a  sequence  in  A  .  For  each  y^  ,  let  (y^) 

p  e  N  n  n  J  ’  -’n  n  e  N 

o 

be  the  sequence  considered  above  ,  so  that 

-  (y*5)  y^  and 

;n  y 


“  Bo  contains  a  tail  of  (f(y^))  ,T  for  any  m  . 
m  V7n  n  e  N  J 


n  m  tn 

Since  B  o  contains  a  tail  of  (f(y  ))  _ _  ,  we  can  find  z  e  (y  ) 

m  yn  n  e  N  m  yn  neN 

such  that 

-d(ym,z)  <  —  and 

J  m  m 

-  f(z  )  e  Bno  . 
m  m 

We  then  get  a  sequence  (z  )  ,T  such  that  (f(z  ))  .T  converges 

to  x  since  any  neighborhood  of  x  contains  B^o  for  some  m  and 

each  Bno  contains  all  f(z  )  for  m  >  p  .  Since  (f(z  ))  >T  con- 
p  m  m  m  e  N 

verges  to  x  and  f  is  hereditarily  quotient  ,  replacing 

by  a  subsequence  if  necessary  ,  we  can  say  that  there  is  a  sequence 

(y  )  in  M  and  a  point  y  e  f  x  )  such  that 

n  n  £  N 


-  y  y 

■'n 


and 


-  f(y  )  =  f (z) 

n  n 
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Now  ,  since  the  f(z  )  *  s  are  in  the  sets  Bno  and  hence  in  V  , 

m  m 

then  we  must  have  y  =  z  for  all  n  e  N  ;  but  y  ->  y;  hence 

n  n 

z  -+  y  .  Furthermore  ,  we  have  d(z  ,y  )  <  —  ;  hence  we  can  conclude 
n  P  P  P 

that  yP  y  .  Therefore  the  sequence  (yP)  has  an  accumulation 

y  p  e  N 

point  in  fr(f  \  x  )  )  and  this  proves  that  A  is  compact  .  □ 

O 


We  deduce  from  theorem  3  a  result  obtained  before  : 


Corollary  :  Q  is  a  quotient  of  a  countable  metric  space  if  and 

£x 

only  if  A  is  an  F  subset  of  R 

a 


Proof  :  If  A  is  an  F^  subset  of  R  ,  then  A  is  a-compact  ;  hence 

* 

the  quotient  map  of  Q  onto  Q  has  a-compact  frontier  and  since 

it  is  hereditarily  quotient  ,  then  by  theorem  2’  of  this  chapter  , 

*  * 

is  quasi-first-countable  .  By  theorem  1  ,  is  a  quotient  of 


a  countable  metric  space  . 


* 


Conversely  ,  if  is  a  quotient  of  a  countable  metric 


space  ,  then  it  is  also  a  hereditary  quotient  (since  is  Frdchet) 

* 

and  by  theorem  1  ,  Q  is  quasi-first-countable  .  Now  by  theorem  3  , 


the  quotient  map  of  Q  onto  Q  must  have  a-compact  frontier  and 
since  fr(f  e  )  )  =  A  x  {0}  ,  then  A  must  be  a-compact  .  □ 


3 .  Weakly-quasi-fir st -count able  spaces  . 

We  identified  in  theorem  1  the  countable  sequential  spaces 
that  are  hereditarily  quotient  images  of  countable  metric  spaces  . 
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We  want  to  do  the  same  now  for  countable  sequential  spaces  that  are 
simply  quotients  of  countable  metric  spaces  . 

Definition  :  A  space  X  is  said  to  be  weakly-quasi-f irs t-countable 
if  and  only  if  for  all  x  e  X  ,  there  exist  countably  many  countable 
families  of  decreasing  subsets  containing  x  such  that  a  set  0  is 
open  if  and  only  if  for  any  x  e  0  ,  0  contains  a  member  of  each  family 
associated  to  x 

A  straightforward  argument  shows  that  every  weakly-quasi- 
first-countable  space  is  sequential  since  if  a  set  contains  a  tail 
of  any  sequence  converging  to  one  of  its  points  ,  it  must  also  con¬ 
tains  a  member  of  each  family  associated  to  its  points  ;  but  weakly- 
quasi-first-countable  spaces  need  not  be  Frechet  as  is  shown  by  the 
space  given  in  the  beginning  of  Chapter  II  as  an  example  of  a  non- 
Frdchet  sequential  space  . 

Weak  quasi-first-countability  is  the  property  we  were  look¬ 
ing  for  in  order  to  characterize  internally  by  their  topologies  the 
quotients  of  countable  metric  spaces  . 

Theorem  4  :  A  countable  space  X  is  a  quotient  of  a  countable 

metric  space  if  and  only  if  it  is  weakly-quasi-first-countable  . 

Proof  :  The  proof  can  be  copied  on  the  proof  of  theorem  1  doing 
the  few  necessary  changes  . 
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The  weakly-quasi-first-countable  spaces  can  be  characterized 
as  was  done  for  quasi-first-countable  spaces  and  the  proof  of  theorem  2 
can  easily  be  adapted  to  prove  the  following  theorem  : 

Theorem  5  :  The  weakly-quasi-first-countable  spaces  are  precisely 

the  images  of  metric  spaces  by  quotient  maps  with  countable  frontier 
(or  a -compact  frontier  as  in  theorem  2’  )  . 

We  have  defined  the  notion  of  weak  quasi-first-countability 
in  order  to  characterize  internally  the  quotients  of  countable  metric 
spaces  and  in  doing  so  ,  we  were  forced  to  define  it  as  a  global  pro¬ 
perty  instead  of  as  a  local  property  as  for  quasi-first-countability 
(that  is  we  could  not  find  a  way  to  define  it  at  a  point  in  such  a 
way  that  if  it  is  satisfied  at  each  point  ,  then  it  is  equivalent 
to  the  definition  we  gave  )  .  This  reflects  the  fact  that  "sequential¬ 
ness"  is  defined  as  a  global  property  while  "Frdchetness"  can  be  con¬ 
sidered  a  local  property  (  we  could  say  that  X  is  "Frdchet  at  x  " 
if  x  e  A  there  exists  a  sequence  in  A  converging  to  x  ,  and 

X  is  Frdchet  if  it  is  so  at  each  of  its  points  )  .  The  difference 
between  the  definitions  of  weak  quasi-first-countability  and  quasi- 
first-countability  is  the  exact  translation  of  the  difference  between 
sequential  spaces  and  quotient  maps  on  one  hand  ,  Frdchet  spaces  and 
hereditarily  quotient  maps  on  the  other  hand  .  It  is  the  difference 
between  topologies  given  in  terms  of  open  sets  and  topologies  given 
in  terms  of  neighborhoods  .  Indeed  ,  quotient  maps  are  defined  by 


"  f  (  U  )  is  open  if  and  only  if  U  is  open  " 
while  hereditarily  quotient  maps  can  be  equivalently  defined  by 
"f  U  )  is  a  neighborhood  of  f  \  x  )  if  and 
only  if  U  is  a  neighborhood  of  x  " 

Similarly  ,  sequential  spaces  are  defined  by 
"sequentially  open  sets  are  open  "  , 

while  Frdchet  spaces  ,  as  the  following  proposition  shows  ,  could 
be  equivalently  defined  by 

"sequential  neighborhoods  of  x  are  neighborhoods  of  x  "  , 

where  one  defines  a  sequential  neighborhood  of  x  in  a  natural  way 
as  a  set  containing  a  tail  of  each  of  the  sequences  converging  to  x  . 

Proposition  :  X  is  Frdchet  if  and  only  if  sequential  neighborhoods 
of  x  are  neighborhoods  of  x  ,  for  any  x  e  X  . 

Proof  :  Suppose  X  is  Frechet  ;  let  V  be  a  sequential  neighborhood 

of  x  .  We  claim  that  V  is  a  neighborhood  of  x  .  Let  (B  )  . 

a  a  e  A 

be  a  neighborhood  base  at  x  .  If  V  is  not  a  neighborhood  of  x  , 

then  for  any  a  e  A  ,  there  exists  x  such  that 
J  a 

-  x  e  B  but 

a  a 

-  x  i  v 

a 

Consider  the  set  (x  ;a  e  A}  .  Clearly  , 

a 

x  e  {x  ;a  e  A} 
a 

but  no  sequence  of  that  set  converges  to  x  since  such  a  sequence 
would  have  to  have  a  tail  in  V  .  This  contradicts  the  fact  that  F 
is  Frechet  .  Hence  V  is  a  neighborhood  of  x  . 


Conversely  ,  suppose  X  is  not  Frdchet  .  Then  there 
exists  some  subset  A  c  X  and  a  point  x  e  X  such  that  x  e  A  but  no 
sequence  of  A  converges  to  x  .  Then  (  X  -  A  )  u  {x}  is  a 
sequential  neighborhood  of  x  ;  however  [(  X  -  A  )  u  {x}]  n  A  =  <j> 
and  hence  ,  since  x  e  A  ,  then  (  X  -  A  )  u  {x}  is  not  a  neighbor¬ 
hood  of  x  . 


Finally  ,  we  obtain  as  a  corollary  to  theorems  2  and  5  : 

Corollary  :  X  is  quasi-first-countable  if  and  only  if  X  is  weakly- 
quasi-first-countable  and  Frdchet  . 

Proof  :  Necessity  is  clear  .  For  sufficiency  ,  let  X  be  Frdchet 
and  weakly-quasi-first-countable  .  By  theorem  5  ,  X  is  a  quotient 
of  some  metric  space  by  a  map  with  countable  frontier  .  Now  ,  since 
X  is  Frdchet  ,  this  map  must  be  hereditarily  quotient  ,  and  then  by 
theorem  2  ,  X  must  be  quasi-first-countable  . 
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